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a b s t r a c t
In this paper, we present a non-local non-linear ﬁnite element formulation for the Timoshenko beam
theory. The proposed formulation also takes into consideration the surface stress effects. Eringen's non-
local differential model has been used to rewrite the non-local stress resultants in terms of non-local
displacements. Geometric non-linearities are taken into account by using the Green–Lagrange strain
tensor. A C0 beam element with three degrees of freedom has been developed. Numerical solutions are
obtained by performing a non-linear analysis for bending and free vibration cases. Simply supported and
clamped boundary conditions have been considered in the numerical examples. A parametric study has
been performed to understand the effect of non-local parameter and surface stresses on deﬂection and
vibration characteristics of the beam. The solutions are compared with the analytical solutions available
in the literature. It has been shown that non-local effect does not exist in the nano-cantilever beam
(Euler–Bernoulli beam) subjected to concentrated load at the end. However, there is a signiﬁcant effect
of non-local parameter on deﬂections for other load cases such as uniformly distributed load and
sinusoidally distributed load (Cheng et al. (2015) [10]). In this work it has been shown that for a
cantilever beam with concentrated load at free end, there is deﬁnitely a dependency on non-local
parameter when Timoshenko beam theory is used. Also the effect of local and non-local boundary
conditions has been demonstrated in this example. The example has also been worked out for other
loading cases such as uniformly distributed force and sinusoidally varying force. The effect of the local or
non-local boundary conditions on the end deﬂection in all these cases has also been brought out.
& 2015 Elsevier Ltd. All rights reserved.
1. Introduction
The classical theory of hyperelasticity is used to solve a large
number of problems in engineering, wherein the stress at a given
point uniquely depends on the current values and possibly also the
previous history of deformation and temperature at that point
only. Deformation in this case is characterized by the deformation
gradient or by an appropriate strain tensor, that is, it is fully
determined by the ﬁrst gradient of the displacement ﬁeld. In
modeling micro/nano structures where the size effect becomes
prominent, for example, study of elastic waves when dispersion
effect is taken to account and the determination of stress at the
crack tip when the singularity of the solution is of concern, the
classical theory cannot model the material behavior accurately.
The inhomogeneities present in any material at the microscopic
scale inﬂuence its properties at the macroscopic scale: materials such
as suspensions, blood ﬂows, liquid crystals, porous media, polymeric
substances, solids with microcracks, dislocations, turbulent ﬂuids with
vortices, and composites point to the need for incorporating micro-
motions in continuum mechanical formulations [13]. There has been
considerable focus towards the development of generalized continuum
theories [19] that account for the inherent microstructure in such
natural and engineering materials (see [36,15]). The notion of general-
ized continua uniﬁes several extended continuum theories that
account for such a size dependence due to the underlying micro-
structure of the material. A systematic overview and detailed discus-
sion of generalized continuum theories has been given by Bazant and
Jirasek [8]. These theories can be categorized as gradient continuum
theories (see works by Mindilin et al. [45–47], Toupin [68], Steinmann
et al. [13,34,66,37], and Casterzene et al. [52], Fleck et al. [20,63], Askes
et al. [3–5]), microcontinuum theories (see works by Eringen
[18,16,19]), Steinmann et al. [35,28], and non-local continuum theories
(see works by Eringen [17], Jirasek [33], Reddy [54], and others
[7,12,51,10]). Recently, the higher order gradient theory for ﬁnite
deformation has been elaborated (for instance see [21,38,39,52]),
within classical continuum mechanics in the context of homogeniza-
tion approaches. A comparison of various higher order gradient
theories can be found in [20]. A more detailed formulation of
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gradient approach in spatial and material setting has been presented
in [35].
Classical continuum mechanics takes exclusively the bulk into
account, nevertheless, neglecting possible contributions from the
surface of the deformable body. However, surface effects play a crucial
role in the material behavior, the most prominent example being
surface tension. A mathematical framework was ﬁrst developed by
Gurtin [23] to study the mechanical behavior of material surfaces. The
effect of surface stress on wave propagation in solids has also been
studied by Gurtin [24]. The tensorial nature of surface stress was
established using the force and moment balance laws. Bodies whose
boundaries are material surfaces are discussed and the relation
between surface and body stress examined in a recent work by
Steinmann [64] and by Hamilton [25]. The surface effects have been
applied to modeling two [31] and three-dimensional continua in the
frame work of ﬁnite element method (see [32,14]). Similar studies on
static analysis of nanobeams using non-local ﬁnite element models
have been done by Mahmoud [43].
The focus of this work is on non-local non-linear formulation
together with surface effects for static and free vibration analysis of
Timoshenko beams. The non-local formulations can be of integral-
type formulations with weighted spatial averaging or by implicit
gradient models which are categorized as strongly non-local, while
weakly non-local theories include for instance explicit gradient
models [8]. Herein we consider a strongly non-local problem. The
Timoshenko beam can be considered as a speciﬁc onedimensional
version of a Cosserat continuum. Recently various beam theories
such as Euler–Bernoulli, Timoshenko, Reddy, and Levinson beam
theories were reformulated using Eringen's non-local differential
constitutive model by Reddy [54]. The analytical solutions for
bending, buckling and free vibrations were also presented in [54].
Various shear deformation beam theories were also reformulated in
recent works by Reddy [55] using non-local differential constitutive
relations. Similar works have been done to study bending, buckling
and free vibration of nanobeams by Aydogdu [7], Civalek [12].
Eringen's non-local elasticity theory has also been applied to
study bending, buckling and vibration of nanobeams using
Timoshenko beam theory (see [40,60,72,48]). Numerical solutions
were obtained by a meshless method. Two different collocation
techniques, global (RDF) and local (RDF-FD), were used with multi-
quadrics radial basis functions by Roque et al. [58]. Static deforma-
tion of micro- and nano-structures was studied using non-local
Euler–Bernoulli and Timoshenko beam theory and explicit solutions
have been derived for deformations for standard boundary condi-
tions by Wang et al. (see [71,70]). Analytical solutions for beam
bending problems for different boundary conditions were derived
using non-local elasticity theory and Timoshenko beam theory by
Wang et al. [69]. Iterative non-local elasticity for Kirchhoff plates has
been presented in [62]. Thai et al. [67] developed a non-local shear
deformation beam theory with a higher order displacement ﬁeld
that does not require shear correction factors. Some explicit solu-
tions involving trigonometric expansions are also presented recently
for non-local analysis of beams [74]. A ﬁnite element framework for
non-local analysis of beams has also been made in a recent work by
Sciarra et al. [61]. Size effects on elastic moduli of plate like
nanomaterials have been studied in [65].
Non-local elastic rodmodels have been developed to investigate the
small-scale effect on axial vibrations of the nanorods by Aydogdu [6]
and Adhikari et al. [1]. Free vibration analysis of microtubules based on
non-local theory and Euler–Bernoulli beam theory was done by Civalek
et al. [12]. Free vibration analysis of functionally graded carbon
nanotube with various thickness based on Timoshenko beam theory
has been investigated to obtain numerical solutions using the Differ-
ential Quadrature Method (DQM) by Janghorban et al. [30] and others
(see [11,27,2]). Studies to understand thermal vibration of single wall
carbon nanotube embedded in an elastic medium using DQMhave also
been reported in [49]. The recent studies have been towards the
application of non-local non-linear formulations for the vibration
analysis of functionally graded beams [53]. Analytical study on the
non-linear free vibration of functionally graded nanobeams incorp-
orating surface effects has been presented in [26,59,42]. The effect of
non-local parameter, surface elasticity modulus and residual surface
stress on the vibrational frequencies of Timoshenko beam has been
studied in [73,41]. The coupling between non-local effect and surface
stress effect for the non-linear free vibration case of nanobeams has
been studied in [29]. The effect of surface stresses on bending proper-
ties of metal nanowires is presented in [75]. There has been some
works on transforming non-local approaches to gradient type formula-
tions [9]. Semi-analytical approach for large amplitude free vibration
and buckling of non-local functionally graded beams has been reported
in [50].
In this paper, we present a non-local non-linear ﬁnite element
formulation for the Timoshenko beam theory. The proposed
formulation takes into consideration the surface stress effects.
Eringen's non-local differential model has been used to write the
non-local stress resultants. Geometric non-linearities are taken
into account by using Green–Lagrange strain tensor. Numerical
solutions are obtained by performing a non-linear analysis for
bending and free vibration cases. Simply supported and clamped
boundary conditions have been considered in the numerical
examples. A parametric study has been performed to understand
the effect of non-locality and surface stresses on deﬂection and
vibration characteristics of the beam. The solutions are compared
with the analytical solutions available in the literature. The
following Section 2 gives a background on Eringen's non-local
theory. Section 3 gives the mathematical formulation for the non-
local Timoshenko beam theory. The ﬁnite element formulation
for the Timoshenko beam theory is explained in Section 4. In
Section 5 numerical examples are presented together with para-
metric studies to demonstrate the effect of non-local and surface
stresses on the bending and vibration characteristics of the beam.
2. Non-local theories
In classical elasticity, stress at a point is a function of strain at that
point. Whereas in non-local elasticity, stress at a point is a function
of strains at all points in the continuum. In non-local theories, forces
between the atoms and internal length scale are considered in the
constitutive equation. Non-local theory was ﬁrst introduced by
Eringen [19]. According to Eringen, the stress ﬁeld at a point x in
an elastic continuum not only depends on the strain ﬁeld at that
point but also on the strains at all other points of the body. Eringen
attributed this fact to the atomic theory of lattice dynamics and
experimental observation on phonon dispersion. The non-local
stress tensor σ at a point x in the continuum is expressed as
σ ¼
Z
Kðjx0 xj ; τÞtðx0Þ dx0 ð1Þ
where tðxÞ is the classical macroscopic stress tensor at point x and
the kernel function Kðjx0 xj ; τÞ represents the non-local modulus,
jx0 xj is the distance and τ is the material constant that depends
on internal and external characteristic lengths.
Stress and strain at a point are related to each other by Hooke's
law as
tðxÞ ¼ CðxÞ : εðxÞ ð2Þ
where t is the macroscopic stress tensor, ε is the strain tensor, C is
the fourth-order elasticity tensor and ‘:’ denotes double dot
product. Eqs. (1) and (2) together form the non-local constitutive
equations of Hookean solid. Constitutive equations can also be
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expressed in equivalent differential form as
ð1τ2l2∇2Þσ ¼ t ð3Þ
τ¼ eoa
l
ð4Þ
where e0 is a material constant, and a and l are the internal and
external characteristic lengths respectively.
3. Mathematical formulations
3.1. Classical Timoshenko beam theory
In Timoshenko beam theory, the effects of shear deformation
are also considered. A linear distribution of transverse shear stress
is assumed. The displacement ﬁeld is given by
u¼ uðx; tÞþzφx ð5aÞ
w¼wðx; tÞ ð5bÞ
where φx is the measure of rotation of the beam cross-section. The
non-zero components of Lagrangian strain tensor can be written as
εxx ¼
du
dx
þ1
2
dw
dx
 2" #
þz dφx
dx
 
¼ εð0Þxx
 þz εð1Þxx  ð6aÞ
εxz ¼
1
2
φxþ
dw
dx
 
ð6bÞ
εzz ¼ 12φ
2
x ð6cÞ
Since ϵzz is positive and non-zero, two-dimensional Hooke's law
should be used. But it makes the beam ﬂexible by 38% [56]. So, its
contribution is through certain material length scale parameters (see
[56,57]). Therefore, for an isotropic material, following stress–strain
relationship is used:
σxx ¼ Eεxxþαεzz ð7aÞ
σxz ¼ GKsγxz ð7bÞ
σzz ¼ αεxxþβεzz ð7cÞ
σs ¼ τ0þEsεxx ð7dÞ
where α and β are certain material length scale parameters (for
example, in the case of a soft material embedded with hard
inclusions they may describe the geometry and distribution of the
hard inclusions), and E, G and Ksð ¼ 56Þ are Young's moduli, shear
moduli, and shear correction factor, respectively. σs is the surface
stress in the direction of the length of the beam (see [23,22]). The
stress resultants can be written as
Nxx ¼
Z
A
σxx dAþ
I
Γ
σs ds ð8aÞ
Mxx ¼
Z
A
σxxz dAþ
I
Γ
σsz ds ð8bÞ
Nzz ¼
Z
A
σzz dA ð8cÞ
Nxz ¼
Z
A
σxz dA ð8dÞ
Using Eqs. (6) and (7), the stress resultants in Eq. (8) can be written
as
Nxx ¼ ~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þ ð9aÞ
Mxx ¼ ~Dεð1Þxx ð9bÞ
Nzz ¼ ~Cεð0Þxx þ ~Fεzz ð9cÞ
Nxz ¼ ~Gγxz ð9dÞ
where
~A ¼ EAþ2Es bþhð Þ ð10aÞ
~C ¼ αA ð10bÞ
~D ¼ EIþEs h
3
6
þbh
2
2
" #
ð10cÞ
~F ¼ βA ð10dÞ
~G ¼ KsGA ð10eÞ
3.2. Non-local Timoshenko beam theory
Using Eq. (3), the non-local stress resultants in terms of strains
can be written as
Nnlxx ¼ μ
d2Nnlxx
dx2
þ ~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þ ð11Þ
Mnlxx ¼ μ
d2Mnlxx
dx2
þ ~Dεð1Þxx ð12Þ
Nnlzz ¼ ~Cεð0Þxx þ ~Fεzz ð13Þ
Nnlxz ¼ μ
d2Nnlxz
dx2
þ ~Gγxz ð14Þ
3.3. Equations of motion
By using the principle of virtual work, the equations of motion
for the classical Timoshenko beam can be obtained as
dNxx
dx
þ f x ¼m0
d2u
dt2
ð15Þ
d
dx
NxzþNxx
dw
dx
 
þ f z ¼mo
d2w
dt2
ð16Þ
dMxx
dx
 NxzþNzzφx
 	¼m1d2φ
dt2
ð17Þ
where
mi ¼
Z
A
ρzi dA
and fx and fz are the axially and transversely distributed forces,
respectively. The boundary conditions are
Geometric : u;w;φx
Force : Nxx;NxzþNxxdwdx ;Mxx
Considering the stress resultants in Eqs. (15)–(17) to be non-local
and using the relations from (11) to (17), the following equations
for non-local stress resultants are obtained:
Nnlxx ¼ ~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
þμm0
d3u
dxdt2
ð18aÞ
P. Kasirajan et al. / International Journal of Non-Linear Mechanics 76 (2015) 100–111102
Mnlxx ¼ ~Dεð1Þxx þμm1
d3φ
dxdt2
þμm0
d2w
dt2
μf z
μ d
dx
~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
þμ d
dx
~Cεð0Þxx þ ~Fεzz

 
φx
h i
ð18bÞ
Nnlzz ¼ ~Cεð0Þxx þ ~Fεzz ð18cÞ
Nnlxz ¼ ~Gγxzμ
df z
dx
μ d
2
dx2
~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
ð18dÞ
It is clearly seen in the above equation that the non-locality
reduces the resistance offered by the beam to the external forces.
By substituting the expressions for non-local stress resultants (18)
back in the equations of motion (15) to (17), we obtain the
equilibrium equation for non-local Timoshenko beam theory
including surface stress effects as
m0
d2u
dt2
μm0
d4u
dx2dt2
¼ d
dx
~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
 
þ f x
ð19Þ
m0
d2w
dt2
μm0
d4w
dx2dt2
¼ d
dx
~Gγxz

 
μd
2f z
dx2
þ f z
þ d
dx
~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
μ d
3
dx3
~Aεð0Þxx þ ~Cεzzþ2τ0 bþHð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
ð20Þ
m1
d2φx
dt2
μm1
d4φx
dx2dt2
¼ d
dx
~Dεð1Þxx

 
 ~Gγxzφx ~Cεð0Þxx þ ~Fεzz

 
þμ d
2
dx2
~Cεð0Þxx þ ~Fεzz

 
φx
h i
ð21Þ
4. Finite element formulation
The principle of virtual work for the Timoshenko beam has the
form
0¼
Z l
0
½Nnlxxδεð0Þxx þMnlxxδεð1Þxx þNnlxzδγxzþNnlzzδεzz
 f xδu f zδwþm0 €uδuþm0 €wδwþm1 €φδφ dxQ1δuð0Þ
Q4δuðlÞQ2δwð0ÞQ5δwðlÞQ3δφð0ÞQ6δφð0Þ ð22Þ
After substituting the expressions for stress resultants from
Eq. (18) into Eq. (22), we obtain
0¼
Z T
0
Z l
0
~Aεð0Þxx þ ~Cεzzþ2τ0 bþHð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
δεð0Þxx
þ ~Dεð1Þxx þμm1
d3φ
dxdt2
þμm0
d2w
dt2
μf z
 !
δεð1Þxx
μ d
dx
~Aεð0Þxx þ ~Cεzzþ2τ0 bþHð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
εð1Þxx
þμ d
dx
~Cεð0Þxx þ ~Fεzz

 
φx
h i
δεð1Þxx þ ~Gγxzþμm0
d3w
dxdt2
μdf z
dx
 !
δγxz
μ d2
dx2
~Aεð0Þxx þ ~Cεzzþ2τ0 bþHð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
δγxz
þ ~Cεð0Þxx þ ~Fεzz

 
δεzz f xδu f zδw
þm0 €uδuþm1 €wδwþm1 €φxδφx dx
 Q1δuðxaÞþQ4δuðxbÞþQ2δwðxaÞþQ5δwðxbÞþQ3δφðxaÞþQ6δφðxbÞ
 
dT
ð23Þ
The underlined expressions in the above equation do not allow us
to construct a quadratic functional. So after omitting the under-
lined expressions in Eq. (23), it can be equivalently written into the
following three equations:Z T
0
Z l
0
~Aεð0Þxx þ ~Cεzzþ2τ0 bþHð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dδu
dx
"
 f xδuþm0 €uδu

dx
 Q1δuðxaÞþQ4δuðxbÞ
 
dT ¼ 0 ð24Þ
Z T
0
Z l
0
~Aεð0Þxx þ ~Cεzzþ2τ0 bþHð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
dδw
dx
þ ~Gγxzþμm0
d3w
dxdt2
μdf z
dx
 !
dδw
dx
 f zδwþm0 €wδw dx
 Q2δwðxaÞþQ5δwðxbÞ
 
dT ¼ 0 ð25Þ
Z T
0
Z l
0
~Gγxzþμm0
d3w
dxdt2
μdf z
dx
 !
δφx
þ ~Dεð1Þxx þμm1
d3φx
dxdt2
þμm0
d2w
dt2
μf z
 !
dδφx
dx
þ ~Cεð0Þxx þ ~Fεzz

 
φxδφxþm1 €φxδφx dx
 Q3δφxðxaÞþQ6δφxðxbÞ
 
dT ¼ 0 ð26Þ
The generalized displacements ðu;w;φx Þ are approximated
using the Lagrange interpolation functions
uðxÞ ¼
Xm
j ¼ 1
Δ1j ψ
ð1Þ
j ðxÞ ð27aÞ
wðxÞ ¼
Xn
j ¼ 1
Δ2j ψ
ð2Þ
j ðxÞ ð27bÞ
φx ðxÞ ¼
Xp
j ¼ 1
Δ3j ψ
ð3Þ
j ðxÞ ð27cÞ
By substituting Eq. (27) for u, w and φx , and putting δu ¼ψ1i ,
δw ¼ψ2i , δφx ¼ψ3i into the weak form statements (24)–(26), the
ﬁnite element model of the Timoshenko beam can be expressed as
K11 K12 K13
K21 K22 K23
K31 K32 K33
2
64
3
75 Δ
1
Δ2
Δ3
8><
>:
9>=
>;þ
M11 M12 M13
M21 M22 M23
M31 M32 M33
2
64
3
75 €Δ1 €Δ2 €Δ3
 
¼
F1
F2
F3
8><
>:
9>=
>; ð28Þ
where the stiffness coefﬁcients Kαβij , mass matrix coefﬁcients M
αβ
ij
and force coefﬁcients Fαi (α;β¼ 1;2;3) are deﬁned as follows:
K11ij ¼
Z l
0
~A
dψ ð1Þi
dx
dψ ð1Þj
dx
dx
K12ij ¼
Z l
0
1
2
~A
dw
dx
dψ ð1Þi
dx
dψ ð2Þj
dx
dx
K13ij ¼
Z l
0
1
2
~Cφx
dψ ð1Þi
dx
ψ ð3Þj dx
K21ij ¼
Z l
0
~A
dw
dx
dψ ð2Þi
dx
dψ ð1Þj
dx
dx
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K22ij ¼
Z l
0
~G
dψ ð2Þi
dx
dψ ð2Þj
dx
þ1
2
~A
dw
dx
 2
þ ~C ðφxÞ2
( )
dψ ð2Þi
dx
dψ ð2Þj
dx
dx ð29Þ
K23ij ¼
Z l
0
~G
dψ ð2Þi
dx
ψ ð3Þj dx
K31ij ¼
Z l
0
~Cφxψ
ð3Þ
i
dψ ð1Þj
dx
dx
K32ij ¼
Z l
0
~Gψ ð3Þi
dψ ð2Þj
dx
dx
K33ij ¼
Z l
0
~D
dψ ð3Þi
dx
dψ ð3Þj
dx
þ ~Gψ ð3Þi ψ
ð3Þ
j
þ1
2
~C
dw
dx
 2
þ ~F ðφxÞ2
( )
ψ ð3Þi ψ
ð3Þ
j dx
M11ij ¼m0ψ ð1Þi ψ
ð1Þ
j þμm0
dψ ð1Þi
dx
dψ ð1Þj
dx
M21ij ¼ μm0
dw
dx
dψ ð2Þi
dx
dψ ð1Þj
dx
M22ij ¼m0ψ ð2Þi ψ
ð2Þ
j þμm0
dψ ð2Þi
dx
dψ ð2Þj
dx
ð30Þ
M32ij ¼ μm0ψ ð3Þi
dψ ð2Þj
dx
þμm0
dψ ð3Þi
dx
ψ ð2Þj
M33ij ¼ μm1
dψ ð3Þi
dx
dψ ð3Þj
dx
þm1ψ ð3Þi ψ
ð3Þ
j
M12ij ¼ 0; M13ij ¼ 0; M23ij ¼ 0; M31ij ¼ 0
F1i ¼
Z l
0
f xψ
ð1Þ
i þμ
df x
dx
dψ ð1Þi
dx
2τ0ðbþhÞdψ
ð1Þ
i
dx
( )
dx
þQ1ψ ð1Þi ð0ÞþQ4ψ
ð1Þ
i ðlÞ
F2i ¼
Z l
0
f zψ
ð2Þ
i þμ
df z
dx
þdf x
dx
dw
dx
 
dψ ð2Þi
dx
2τ0ðbþhÞdw
dx
dψ ð2Þi
dx
( )
dx
þQ2ψ ð2Þi ð0ÞþQ5ψ
ð2Þ
i ðlÞ
F3i ¼
Z l
0
μ f z
dψ ð3Þi
dx
þdf z
dx
ψ ð3Þi
" #
dxþQ3ψ ð3Þi ð0ÞþQ6ψ
ð3Þ
i ðlÞ ð31Þ
5. Numerical results
In this section we will present numerical examples to demon-
strate the application of the above discussed non-local non-linear
formulation. The ﬁrst example deals with non-local non-linear
bending analysis of beams and the second example deals with
non-local non-linear free vibration analysis of beams. Various
boundary conditions, such as both ends simply supported (S–S)
and both ends clamped (C–C), are considered. Two cases of load
distribution (uniformly distributed load and sinusoidally distributed
load) with load intensity q0 are considered. Numerical implementa-
tion is made after developing a MATLAB code for the Timoshenko
beam ﬁnite element as discussed in the previous section.
Based on the non-local non-linear analysis of the beam, a
parametric study has been performed for all the boundary condi-
tions considered. For the static bending analysis the following
cases are considered for the parametric study, namely (a) the
effect of non-local parameter μ, (b) the effect of surface modulus Es
and (c) the effect of surface tension parameter τ on the non-linear
behavior of the beam. For the dynamic analysis the effect of non-
local parameter μ on (a) the variation of fundamental frequency
ratio with aspect ratio (b) surface frequency ratio versus amplitude
ratio (c) the effect of surface modulus Es on the variation of
fundamental frequency with aspect ratio of the beam are con-
sidered for the parametric study.
5.1. Example 1: static bending analysis
In this example a beamwith aspect ratio L=H varying from 10 to
100 is considered for the non-local non-linear bending analysis.
The material properties of the beam are taken as elastic modulus,
E¼ 17:73 1010 N=m2 and Poisson's ratio ν¼ 0:27. The breadth B
and height H of the beam are taken as 1 nm. Simply supported (S–
S) and clamped (C–C) boundary conditions are considered. Taking
the symmetry of the beam (about x¼ L=2) in both cases, one half
of the beam is only considered for analysis. The boundary condi-
tions for the two cases read as
S–S beam : wðx ¼ 0Þ ¼ 0; uðx ¼ L=2Þ ¼ 0; ϕðx ¼ L=2Þ ¼ 0
C–C beam : uðx ¼ 0Þ ¼ 0; wððx ¼ 0Þ ¼ 0; ϕðx ¼ 0Þ ¼ 0
For veriﬁcation of the non-local non-linear analysis results
obtained from the present study as a speciﬁc case the linear analysis
Table 1
Variation of non-dimensionalized central deﬂection w for various L=H ratios and
non-local parameter μ (for L=H¼ 100).
μ Reddy [54] Thai [67] w ðpresentÞ
0 1.3134 1.3024 1.3024
1 1.4492 1.4274 1.4274
2 1.5849 1.5525 1.5524
3 1.7207 1.6775 1.6774
4 1.8565 1.8025 1.8024
Fig. 1. Plot of load versus transverse center deﬂection for C–C beam and S–S beam
under sinusoidally distributed load.
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results are compared with the analytical solutions given by Reddy
[54] and with other methods available in the literature [67]. Table 1
gives the values of dimensionless static deﬂection w ¼ 100wmaxEI
q0l
4 for
various values of non-local parameter μ ranging from 0 to 4. It is
observed that with increase in the non-local parameter there is an
increase in the dimensionless central deﬂection w . This clearly
shows a decrease in the stiffness with increase in the non-local
parameter, and the trends and values obtained from present analysis
are very close to the analytical results.
To study the effect of non-local parameter μ on the non-linear
behavior of the beam, the non-local parameter μ is varied from
0 to 5 nm2. S–S and C–C boundary conditions are considered. A
non-linear non-local analysis is performed. The plot of intensity of
sinusoidally distributed load versus the central deﬂection w is
shown in Fig. 1. It is observed that for both S–S and C–C boundary
conditions with increase in the non-local parameter μ there is an
increase in the non-linear behavior and the values of the central
deﬂection w. As expected the deﬂections in simply supported case
are higher than those with clamped boundary conditions.
To study the effect of the surface modulus Es on the non-local
non-linear behavior, the surface modulus values of (Es) 0 N/m,
13 N/m and 3 N/m are taken. The plot of intensity of sinusoidally
distributed load versus the central deﬂection w for various surface
modulus is shown in Fig. 2(a) and (b). It is observed that for both
S–S and C–C boundary conditions the effect of considering the
surface effects results in an increased value of stiffness and hence a
reduction in the deﬂection of the beam. Positive value of Es tends
to increase the stiffness of the beam and hence results in reduced
deﬂection. On the contrary, negative value of Es reduces the
stiffness of the beam and results in increased deﬂection. As
expected, the deﬂections in simply supported case are higher than
those with clamped boundary conditions.
To study the effect of surface tension τ on the non-local non-
linear bending behavior, a surface tension value of τ¼ 1:7 N=m is
taken for the analysis. It is observed that non-local effect tends to
relax the stiffness of the beam resulting in increased deﬂection as
seen from Fig. 1. On the contrary the surface tension (τ) stiffens the
beam and reduces the deﬂections. A plot of load versus transverse
center deﬂection for SS and CC beams for different values of τ is
presented in Fig. 3(a) and (b).
5.2. Example 2: dynamic analysis
In this example a beamwith aspect ratio L=H varying from 10 to
100 is considered for the non-local non-linear free vibration
analysis. The material properties of the beam are taken as elastic
modulus, E¼ 17:73 1010 N=m2 and Poisson's ratio ν¼ 0:27. The
width B and height H of the beam both are taken as 1 nm. Simply
supported (S–S) and clamped (C–C) boundary conditions are
considered. Taking the symmetry of the beam about x¼ L=2 in
both cases, one half of the beam is modeled.
Fig. 2. Plot of load versus transverse center deﬂection for various values of surface parameter (Es) for (a) S–S beam and (b) C–C beam under sinusoidally distributed load.
Fig. 3. Load versus transverse center deﬂection plot for different values of surface parameter (τ) for (a) SS beam and (b) CC beam under sinusoidally distributed load.
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For a veriﬁcation of the non-local non-linear free vibration
analysis results obtained from the present study as a speciﬁc case
the linear and the non-linear analysis results are compared with
the analytical solutions given by Reddy [54] and with other
methods available in the literature [67]. Table 2 gives the values
of non-dimensionalized natural frequency ω ¼ω l2
ﬃﬃﬃﬃﬃ
m0
EI
q
for var-
ious values of non-local parameter μ ranging from 0 to 4. It is
observed that with increase in the non-local parameter there is a
decrease in the dimensionless natural frequency ω. This clearly
reﬂects a decrease in the stiffness with increase in the non-local
parameter and the trends and values obtained from present
analysis are very close to the analytical results.
Table 3 contains the values of frequency parameter (ratio of
non-linear natural frequency to linear natural frequency) for
different amplitude ratio obtained from a non-linear analysis.
The results are compared to those obtained from the DQM [44]
and from the Ritz method [42]. There is an increase in frequency
parameter with increase in amplitude ratio.
To study the effect of non-local parameter on the variation of
frequency ratio with the aspect ratio of the beam, various non-
local parameters μ from 0 to 5 are considered. The frequency ratio
is deﬁned as
Frequency ratio¼ ωnlðwith non local effectÞ
ωnlðwithout non local effectÞ
The plot of frequency ratio versus aspect ratio L=H for S–S and
C–C beams is presented in Fig. 4. It is observed that with the
inclusion of non-local parameter there is a stiffening effect on the
beam, thereby resulting in lower values of natural frequencies. For
the values of L=H less than 25, the difference in frequencies for
different values of μ is very prominent. The trend is same for both
S–S and C–C beams.
To study the effect of non-local parameter on the variation of
surface frequency ratio with the aspect ratio of the beam , various
non-local parameters μ from 0 to 5 are considered. The surface
frequency ratio is deﬁned as
Surface frequency ratio¼ ωnlðwith surface effectÞ
ωnlðwithout surface effectÞ
The plot of surface frequency ratio versus amplitude ratio plots
for both beam cases is presented in Fig. 5 for various values of μ.
On the contrary to non-local effect, surface effect stiffens the beam
which results in higher frequencies.
The effect of non-local parameter on non-linear natural fre-
quency variation with aspect ratio is studied. The plots for both
S–S and C–C beam cases are presented in Fig. 6. Positive values of
Es stiffen the beam and thus resulting in higher frequencies.
Negative values of Es have the opposite effect and decrease the
frequencies. Surface tension τ has no effect on the vibration
characteristics of the beam.
5.3. Example 3: cantilever beam example
In this example a cantilever beam with aspect ratio L=H varying
from 10 to 50 is considered for the non-local non-linear bending
analysis. The material properties of the beam are taken as elastic
modulus, E¼ 17:73 1010 N=m2 and Poisson's ratio ν¼ 0:27. The
breadth B and height H of the beam are taken as 1 nm. The non-local
parameter is varied from 0 to 5. In an earlier work [10] it has been
shown that non-local effect does not exist in the nano-cantilever
beam (Euler–Bernoulli beam) subjected to concentrated load at the
end. However, it is shown in [10] that there is a signiﬁcant effect of
non-local parameter on deﬂections for other load cases such as
uniformly distributed load and sinusoidally distributed load. In this
study example, we mainly concentrate on studying the behavior of
Table 2
Variation of the dimensionless natural frequency ratio obtained from linear analysis
for various non-local parameter μ (for L=H¼ 100).
μ Reddy [54] Thai [67] ω (present)
0 9.8683 9.8679 9.8677
1 9.4147 9.4143 9.4141
2 9.0183 9.0180 9.0179
3 8.6682 8.6678 8.6676
4 8.3558 8.3555 8.3553
Table 3
Variation of frequency parameter (ωnonlinear=ωlinear) with various amplitude ratios
for a non-linear analysis.
Wm=r DQM [44] RM [42] Present
1 1.0630 1.0486 1.0465
2 1.2505 1.1794 1.1751
3 1.5987 1.3635 1.3626
Fig. 4. Frequency ratio versus aspect ratio L=H for (a) S–S beam and (b) C–C beam for different values of non-local parameter (μ).
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cantilever beams subjected to different load conditions namely a
point load at free end, uniformly distributed force and sinusoidally
varying force. The beam has been modeled using the Timoshenko
beam formulation. The effect of the local or non-local boundary
conditions on the end deﬂection has also been brought out.
Let us consider the transversely applied point load case on the
cantilever beam as dirac delta function given as
P ¼Q0δðxxpÞ ð32Þ
where Q0 is the point load applied at the point xp on the beam.
Fig. 6. Non-linear natural frequency versus aspect ratio L=H for (a) S–S beam and (b) C–C beam for different values of surface parameter (Es).
Fig. 5. Surface frequency ratio versus amplitude ratio (Wm=r) for (a) S–S beam and (b) C–C beam for different values of non-local parameter (μ).
Fig. 7. (a) Non-local parameter versus end deﬂection of the cantilever beam subjected to point load (Q0 ¼ 10 N) at the end (for L=H¼ 50). (b) Aspect ratio versus ratio of end
deﬂection of the cantilever beam for different values of non-local parameter when subjected to the point load at the end (Q0 ¼ 10 N).
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Fig. 8. (a) Non-local parameter versus end deﬂection of the cantilever beam subjected to sinusoidally varying load (q0 ¼ 10 N, L=H¼ 50). (b) Aspect ratio versus ratio of end
deﬂection of the cantilever beam for different values of non-local parameter when subjected to sinusoidally varying load (q0 ¼ 10 N).
Fig. 9. (a) Non-local parameter versus end deﬂection of the cantilever beam subjected to uniformly varying load (q0 ¼ 10 N, L=H¼ 50). (b) Aspect ratio versus ratio of end
deﬂection of the cantilever beam for different values of non-local parameter when subjected to uniformly varying load (q0 ¼ 10 N).
Fig. 10. Non-local parameter versus center deﬂection of the simply supported beam subjected to various load conditions (with q0 ¼ 10 N, L=H¼ 10) with (a) local boundary
conditions and (b) non-local boundary conditions.
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By using the principle of virtual work, the equations of
equilibrium for the Timoshenko beam can be obtained as
dNxx
dx
þ f x ¼ 0 ð33Þ
d
dx
NxzþNxxdwdx
 
þ f zþP ¼ 0 ð34Þ
dMxx
dx
 NxzþNzzφx
 	¼ 0 ð35Þ
and, fx and fz are the axially and transversely distributed forces,
respectively. The boundary conditions are
Geometric : u;w;φx
Force : Nxx;NxzþNxxdwdx ;Mxx
Manipulating Eqs. (33)–(35) and using Eringen's non-local differ-
ential model, the following relations are obtained:
Nnlxx ¼ ~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
ð36aÞ
Mnlxx ¼ ~Dεð1Þxx μf zμP
μ d
dx
~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
þμ d
dx
~Cεð0Þxx þ ~Fεzz

 
φx
h i
ð36bÞ
Nnlzz ¼ ~Cεð0Þxx þ ~Fεzz ð36cÞ
Nnlxz ¼ ~Gγxzμ
df z
dx
μ d
2
dx2
~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
ð36dÞ
By substituting the expressions for non-local stress resultants
(36) back in the equations of motion (33)–(35), we obtain the
equilibrium equation for the non-local Timoshenko beam theory
including surface stress effects as
0¼ d
dx
~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
 
þ f x ð37Þ
0¼ d
dx
~Gγxz

 
μd
2f z
dx2
þ f zþP
þ d
dx
~Aεð0Þxx þ ~Cεzzþ2τ0 bþhð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
μ d
3
dx3
~Aεð0Þxx þ ~Cεzzþ2τ0 bþHð Þμ
df x
dx
þμm0
d3u
dxdt2
 !
dw
dx
" #
ð38Þ
0¼ d
dx
~Dεð1Þxx

 
 ~Gγxzφx ~Cεð0Þxx þ ~Fεzz

 
þμ d
2
dx2
~Cεð0Þxx þ ~Fεzz

 
φx
h i
ð39Þ
Finite element formulation for Timoshenko beam with point load:
The principle of virtual work for the Timoshenko beam has the
form
0¼
Z l
0
½Nnlxxδεð0Þxx þMnlxxδεð1Þxx þNnlxzδγxzþNnlzzδεzz
 f xδu f zδwPδw dx
Q1δuð0ÞQ4δuðlÞQ2δwð0ÞQ5δwðlÞQ3δφð0ÞQ6δφðlÞ
ð40Þ
After substituting the expressions for stress resultants from
Eq. (36) into Eq. (40) and by substituting the corresponding shape
functions for virtual displacements, we obtain the ﬁnite element
model as before. The stiffness coefﬁcients Kαβij and mass coefﬁ-
cients Mαβij remain same. Force coefﬁcients F
α
i (α;β¼ 1;2;3) are
given as
F1i ¼
Z l
0
f xψ
ð1Þ
i þμ
df x
dx
dψ ð1Þi
dx
2τ0ðbþhÞdψ
ð1Þ
i
dx
( )
dx
þQ1ψ ð1Þi ð0ÞþQ4ψ
ð1Þ
i ðlÞ ð41aÞ
F2i ¼
Z l
0
f zψ
ð2Þ
i þPψ
ð2Þ
i þμ
df z
dx
þdf x
dx
dw
dx
 
dψ ð2Þi
dx
2τ0ðbþhÞdw
dx
dψ ð2Þi
dx
( )
dx
þQ2ψ ð2Þi ð0ÞþQ5ψ
ð2Þ
i ðlÞ ð41bÞ
F3i ¼
Z l
0
μ f z
dψ ð3Þi
dx
þPdψ
ð3Þ
i
dx
þdf z
dx
ψ ð3Þi
" #
dxþQ3ψ ð3Þi ð0ÞþQ6ψ
ð3Þ
i ðlÞ
ð41cÞ
As seen in Eq. (41c), the point load function (P) is associated with
the non-local parameter (μ). Therefore, point load subjected at any
Fig. 11. Non-local parameter versus center deﬂection of the clamped–clamped beam subjected to various load conditions (with q0 ¼ 1 N, L=H¼ 10) with (a) local boundary
conditions and (b) non-local boundary conditions.
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point in the beam brings out non-local effect. If the point load is
applied at the end, the terms highlighted will become the nodal
quantities but will be still associated with non-local parameter.
Numerical results: In this example, cantilever beam case is
studied under the following three load cases have been considered
for analysis: (a) uniformly varying load (UVL), (b) sinusoidally
varying load (SVL), and (c) point load acting at the end of the beam
(PL). The material properties taken are same as those for examples
in the paper. To study the effect of non-local parameter (μ) on the
non-linear behavior of the beam, the non-local parameter μ is
varied from 0 to 5 nm2. Fig. 7(a) shows the non-local parameter
versus end deﬂection of the cantilever beam subjected to point
load Q0 ¼ 10 N at the end (for L=H ¼ 50). It is observed that there is
a decrease in the deﬂection with increase in non-local parameter
for the cantilever beam. Fig. 7(b) shows the aspect ratio versus
ratio of end deﬂection of the cantilever beam for different values
of non-local parameter when subjected to the point load at the
end (Q0 ¼ 10 N). This clearly indicates that the non-local para-
meter has a signiﬁcant effect on deﬂection characteristics of the
cantilever beam.
Fig. 8(a) shows the non-local parameter versus end deﬂection of
the cantilever beam subjected to sinusoidally varying load q0 ¼ 10 N
at the end (for L=H¼ 50). It is observed that there is a decrease in the
deﬂection with increase in non-local parameter for the cantilever
beam. Fig. 8(b) shows the aspect ratio versus ratio of end deﬂection of
the cantilever beam for different values of non-local parameter when
subjected to the sinusoidally varying load (q0 ¼ 10 N). This clearly
indicates that the non-local parameter has a signiﬁcant effect on
deﬂection characteristics of the cantilever beam.
Fig. 9(a) shows the non-local parameter versus end deﬂection of
the cantilever beam subjected to uniformly varying load (q0 ¼ 10 N)
at the end (for L=H ¼ 50) . It is observed that there is a decrease in
the deﬂection with increase in non-local parameter for the canti-
lever beam. Fig. 9(b) shows the aspect ratio versus ratio of end
deﬂection of the cantilever beam for different values of non-local
parameter when subjected to uniformly varying load q0 ¼ 10 N. This
clearly indicates that the non-local parameter has a signiﬁcant effect
on deﬂection characteristics of the cantilever beam.
5.4. Example 4: cantilever, simply supported and clamped beam with
varying boundary conditions
In [54], it is suggested that the boundary conditions for the
non-local beam theory will remain same as that of local theories.
In [10], it is suggested that bending moment and shear force in the
boundary conditions should adopt the corresponding non-local
expressions (i.e., the boundary conditions still keep non-local). To
study the effect of local and non-local boundary conditions, the
examples considered above were analyzed with both local and
non-local boundary conditions. Results vary with the choice of
boundary conditions (local or non-local). The choice of boundary
condition did not affect the bending behavior of the cantilever
beam. In the case of simply supported and clamped beams, the
results had a dependency on the boundary conditions. Fig. 10
(a) and (b) shows the variation of deﬂection with the non-local
parameter for both local and non-local boundary conditions for
the simply supported case.
Fig. 11(a) and (b) shows the variation of deﬂection with the
non-local parameter for both local and non-local boundary con-
ditions for the clamped–clamped case. In both the cases it is
observed that when local boundary conditions are applied the
deﬂection is found to increase with non-local parameter and when
non-local boundary conditions are applied the deﬂection is found
to decrease with non-local parameter.
6. Summary and conclusions
Using Eringen's non-local differential model together with
Gurtin and Murdoch surface elasticity theory, the effect of non-
local parameter and surface stress on non-linear bending and
vibration characteristics of beams is formulated. Green's strain
tensor was used to model geometric non-linearity. The ﬁnite
element method is used to solve the resulting non-linear equa-
tions. Parametric studies are carried out to investigate the inﬂu-
ence of non-local parameter (μ) and surface parameters (Es and τ)
on bending and vibration characteristics of beams. It is found that
the non-local parameter as well as the positive values of surface
parameters relaxes the stiffness of the beam and results in larger
deﬂections and lower frequencies. Negative values of Es decrease
the deﬂections and increase the frequencies. In the case of a
cantilever beam with concentrated load, the non-local effects are
found to signiﬁcantly affect the results.
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